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of conducting mathematical
discussions in professional learning
communities

EINAT HEYD-METZUYANIM AND TALLI NACHLIELI

Our goal in this study is to examine the interweaving of identifying (identity author-
ing ) and mathematizing of teachers in a Professional learning community (PLC) as
they engage with a mathematical challenge. We rely on commognition and position-
ing theory to examine how storylines of teacher-students interfered with teacher-
leaders' ability to hear mathematical ideas that were unfamiliar to them. We focus on
one PLC session and show how the conflicts in positions, where the teacher-leader
fought to maintain the identity of a mathematical leader, led to ineffectiveness of the
mathematical discussion. We argue for the necessity of affording PLC participants
alternative roles that would not threaten their professional identity as competent
mathematics teachers.

For several decades, attempts around the world have been made to reform
mathematics teaching towards more student-centered, problem-based
and discussion-rich instruction (Munter et al., 2015; Pauli et al.,
2007; Schoenfeld, 2014). In previous studies, we termed this instruction
teaching that affords explorative participation (Heyd-Metzuyanim et al.,
2020). Yet, for teachers to change their practice from the more familiar
teacher-led, "talk and chalk” forms of instruction, their professional iden-
tity needs to change too (Bobis et al., 2020). For example, teachers need to
be ready to release some of their control and authority in the classroom,
atleast during mathematical discussions. Moreover, teaching cognitively
demanding tasks and letting students find their own ways of solving
them puts the teacher in a vulnerable position where he or she may not
know how to respond to a certain solution, or feel ill-prepared to answer
certain questions coming from the students (Stein et al., 2008).
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Multiple studies have shown that an effective way to teach teachers
explorative teaching practices is by engaging them in explorative activi-
ties as participants in professional development settings (Brodie, 2014;
Horn, 2010). Yet the same challenges for teachers’ identity embedded in
leading cognitively demanding discussions in the classroom, reappear
in professional development settings, where the teachers (or PD leaders)
need to engage their fellow teachers with challenging mathematical dis-
cussions. These challenges may even be stronger in professional learn-
ing communities (PLCs) where the leaders are often practicing teachers
themselves, without unique or more advanced mathematical education
compared to their colleagues.

Despite the above challenges, surprisingly little is known about the
ways by which explorative teaching practices challenge teachers’ identi-
ties. Even less is known about how these challenges manifest in real-time
conversations and discussions between teachers. This gap has probably to
do with the general lack of studies focused on the intersection between
identity and mathematics (Graven & Heyd-Metzuyanim, 2019). In this
study, we aim to shed light on this intersection. Specifically, we wish to
examine a case where identifying (namely, the construction of identities
within discourse) interfered with mathematizing in a professional learn-
ing community. Through this close-up, discursive analysis, we wish to
highlight the importance of taking teachers identity into consideration
when engaging them with cognitively demanding tasks.

Literature review and theoretical background

Teacher learning through PLC discussions

One of the common ways to introduce teachers to explorative teaching
practices, both in regular PD settings and in PLCs, is to involve them in
mathematical discussions around problems that they are later expected
to teach in a classroom (Smith, 2001). The leaders of these discussions,
namely the PD leaders, are supposed to be sufficiently knowledgeable in
the subject matter to be able to model the leading of such discussions.
Yet, evidence from studies of teacher leaders shows that this expecta-
tion may be misaligned with the reality of PLCs and PDs led by teachers,
who are not necessarily experts in mathematics more than their fellow
teachers. For example, Borko and colleagues (Borko et al., 2014) examined
novice teacher leaders who led workshops around the Problem-Solving
Cycle, in their schools. They found that the novice teachers had difficulty
connecting different solutions and discussing the constraints of various
representations and affordances of various solution strategies.
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Teachers’identity and its relation to teaching practices

The change needed for teaching to afford students explorative participa-
tion is often talked about in terms of skills or "practices” that teachers
need to learn, accompanied by certain bodies of knowledge (Webb et al.,
2019). However, recent studies have also shown that this change involves
changesin teachers’ identity. For example, Bobis and colleagues (Bobis et
al., 2020) found that a year-long professional development intervention
aimed at enhancing students’ engagement, led to teachers shifting their
identities, describing themselves as "facilitators” of knowledge rather
than as the "Sage on stage”.

Additional studies have pointed to the strong role of identity in
teachers’ experiences around reform in curriculum and in educational
policies (Gellert et al., 2013). As Jong (2016) states: "the complex process
of learning to teach mathematics necessitates explicit attention to
teacher identity to support the enactment of reform-oriented teaching
practices” (p.308). Ma and Singer-Gabella (2011) conceptualized the rela-
tion of teachers’ identity and their practices in the classroom as drawing
on a certain "figured world” where the roles and responsibilities of
teachers and students are radically different than those to which they
have grown familiar through their own educational histories, as students
in traditional classrooms.

In a case-study of one middle school teacher who participated in a pro-
fessional development program around explorative teaching practices,
Heyd-Metzuyanim (Heyd-Metzuyanim, 2019) demonstrated the tight
co-shaping of teaching identity and instructional practices. The focal
teacher in this study, named "Mr. Morgan” started the PD by identifying
himself as a teacher who firmly believes in the benefits of letting stu-
dents discuss, enact authority, and come up with solutions to problems
on their own. Yet, as the year of his participation in the PD progressed,
and as he was faced with transcripts of his own teaching, Mr. Morgan
started showing dissatisfaction with his own actions in the classroom,
while at the same time expressing frustration that he was unable to
change his old habits. Mr. Morgan’s case illustrated that changing teach-
ing practices sometimes involves a painful change in one’s professional
identity. His was a case of a teacher who expected himself to let students
talk, yet still found it difficult to change his teaching routines in ways
that would give space for students’ ideas. Interestingly, many of the chal-
lenges that Mr. Morgan faced had to do with the mathematics involved
in explorative teaching. Whereas he was used to focus his teaching on
procedures, explorative teaching works best when the discussion revolves
around mathematical objects. Mr. Morgan’s change in professional iden-
tity was thus tightly linked to his ability (or inability) to change how he
mathematized in the class.
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Despite the general sense that we can get from the above reviewed studies
regarding the tight relationship between identity and teachingactionsin
the mathematics classroom, there is still very little evidence of how this
interaction plays out in mathematical discussions, particularly, in profes-
sional learning settings (Graven & Heyd-Metzuyanim, 2019). This has to
do with a methodological obstacle: identity narratives are often elicited
in out-of-class settings (such as interviews), whereas teaching mathema-
tics and mathematizing take place in the classroom. For the above chal-
lenge, a discourse-analytic approach is useful, since it can capture both
the identity construction (identifying) and the mathematizing activity
as they occur concomitantly.

The commognitive framework

Commognition (Sfard, 2008) is a socio-cultural, discursive theory that is
particularly useful for our purpose of understanding the interaction of
identity with mathematical learning and teaching, for several reasons.
First, it is a framework that uses discourse analysis, which enables exa-
mining the interactions between identity and mathematics as they
occur "on-line”, in the actual activity of the classroom (or PLC) discus-
sion (Heyd-Metzuyanim & Sfard, 2012). Second, it is tailored specifically
for mathematics, enabling the treatment of content, not just of social
interactions in conversations and discussions. Finally, through con-
necting commognition with Positioning Theory (Harré, 2012), recent
works within commognition have linked identifying actions with roles
and positions available through certain "storylines” (or scripts) that are
common in a certain culture (Heyd-Metzuyanim & Cooper, 2022). This is
particularly useful for examining conversations in professional settings,
where roles and positions often play an important role. In what follows,
we give a short introduction to this theory, with particular emphasis on
the concepts that will be needed for our analysis.

The main assumption of commognition is that thinking is a form of
communication (hence its name, which combines cognition and com-
munication). Learning, according to this theory, is a process of becoming
a participant in a certain discourse, or individualizing a socially exist-
ing discourse (Sfard, 2008). A discourse is defined by Sfard (2008) as "a
special type of communication made distinct by its repertoire of admis-
sible actions and the way these actions are paired with re-actions” (p. 297).
Mathematical discourses are made distinct by four main features: their
keywords, their routines, the visual mediators and the narratives. These
four features together constitute discursive objects, the most familiar
of which are numbers and shapes. Mathematical discourses can, within
themselves, be differentiated according to the main objects that they
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describe. For example, there is the discourse on natural numbers, the
discourse on rational numbers, the discourse on functions, etc. Each of
these discourses is hierarchically built on a more basic discourse, where
the advanced discourse often subsumes the more basic discourse. The
curriculum of today’s mathematics learners often echoes the histori-
cal advancements of discourses. In this development of discourses, new
objects are introduced, which are often a combination (or saming of)
objects that were considered as different in subsumed (more basic) dis-
courses. For example, Bourbaki’s definition of a function introduced a dis-
course on functions which subsumed discourses on graphs and algebraic
expressions that had existed earlier (Nachlieli & Tabach, 2012).

The movement of learners through individualizing of different dis-
courses is not a simple matter. Different discourses have different meta-
rules, which are rules about how to endorse narratives in the discourse,
namely what is considered "true” in this discourse. Often, these new
meta-rules are difficult for newcomers to detect (Sfard, 2007) and need to
be explicitly taught. When they are not made explicit, a commognitive con-
flict often occurs. This is a situation where "interlocutors participating
in incommensurable discourses try to communicate with one another”
(Sfard, 2008, p. 296). In such cases, participants use the same word diffe-
rently, which often appearstobe a’disagreement” or an "argument” about
ideas. However, when examined closely, the claims that appear to be con-
flicting are found to rest on different underlying assumptions. Therefore,
they cannot be resolved (Nachlieli & Heyd-Metzuyanim, 2022).

For learning to be successful across meta-level shifts between diffe-
rent mathematical discourses, Ben-Zvi and Sfard (2007) suggested there
needs to be a teaching-learning agreement between the parties, namely
the expert (in the more advanced discourse) and the novice. The agree-
ment needs to concern three aspects: (1) who is the leader; (2) what is
the leading discourse; and (3) the nature of the expected change. In
our study, we focus particularly on the two first points. This, since in
teachers’ discourse the nature of the expected change (from more basic to
more advanced discourse) is probably not a big issue of concern, given that
these teachers are familiar with the progress of mathematical discourses.
In other words, given that they have previously learned the advanced dis-
courses, they can detect which discourse is "supreme”. However, the first
point (who is the leader) around a particular mathematical contestation,
may be quite in dispute, especially in PLCs, where the teacher-leader is
not necessarily considered a more of a mathematical expert than the
participating teachers. The second point, concerning what is the leading
discourse, may remain hidden or uncontested when a task invites a more
advanced discourse than that of school (or certain grades in school) and
the teachers remain unaware of it.
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The literature on commognitive conflicts treats the affective or emo-
tional aspects of these conflicts only very tacitly (e.g. Sfard, 2007).
However, such conflicts often raise strong emotions since the partici-
pants may assume they are arguing or need to prove themselves right.
Such arguments may be particularly sensitive in teacher communities,
where the stakes of "being wrong” may include harm to one’s identity as
a knowledgeable teacher.

Although we do not know of studies that tended to such identity
conflicts between teachers, commognitive studies did attend to them in
groups of students. In a case of four 7th graders faced with an unfami-
liar problem, Heyd-Metzuyanim and Sfard (2012) found that the students
were unable to proceed with solving the task, even though some of them
were able to do so individually, due to the students being unable to agree
on who was the leader, who should explain, and how to proceed. The
analysis also revealed that these identity conflicts pertained to students’
unwillingness to take upon themselves the roles of follower and leader.
A later study (Heyd-Metzuyanim & Cooper, 2022) showed that also for
adults (graduate students) highly implicit identity struggles around who
is the mathematical leader and who is the follower could hinder the
effectiveness of mathematical communication.

Identities, positions and storylines

Commognition treats identity through the well-known definition sug-
gested by Sfard & Prusak (2005) of identity as a "collection of narratives...
that are reified, significant and endorsable” (p. 16). This definition is con-
sonant with the commognitive view of learning being a discursive acti-
vity. Thus, the activity of identifying or identity authoring, is a discursive
activity that always happens concomitantly with the activity of learning.
Nevertheless, often this identifying activity is not made explicit, at least
not verbally. Thus, participants in learning activities often communicate
their own identity or how they identify others through non-verbal and
implicit cues. We term this implicit identifying. By implicit identifying
we mean communication about people that is not stated directly but is
intended to elicit certain stories about an interlocuter. For example, an
explicitidentifying statement would be "I'm the teacher, so when [ speak,
you are quiet!”. An implicit identification as a teacher would be "Could
everyone please open the book on page 5?”

Heyd-Metzuyanim and Cooper (2022) supplemented the commog-
nitive lens on identity authoring with some of the conceptual tools of
positioning theory (Harré, 2012). Specifically, they defined position-
ing as acts of implicit identifications that align with certain socially
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recognized roles. Positioning theory helps us understand why the example
above implicitly identifies the author as a teacher. It is because the state-
ment implies that the author has certain rights (controlling his audience’s
actions, for example, opening the book), as well as duties (e.g. being suffi-
ciently informative to allow accurate execution of the expected actions).
These rights and duties draw on certain storylines — common narratives
(or meta-rules of the identifying discourse) about who has the right and
duty to do what in our society.

Goal and research questions

This study focuses on the role of implicit identifications in hindering the
mathematical communication in PLC mathematical discussions. Our
analysis was guided by the following research question: How did the
PLC leaders and teachers implicitly identify each other in relation to a
commognitive conflict?

Method

The context of this study was the TEAMS (Teaching Exploratively for
all Mathematics Students) project, a professional development project
aimed at introducing Israeli middle-school teachers to explorative teach-
ing practices. The initial stages of this project were described in previous
publications (Heyd-Metzuyanim et al., 2020). In the current stage,
we shifted from a PD model, where we or graduate students from our
research group led the PD, to a PLC model, where experienced teachers
who participated in a PD (led by us) also led their own small PLC groups.
Training these teacher leaders consisted of a 60-hour PD, half of which
was conducted before they started leading their PLCs, and half during
the first year of their leading a TEAMS PLC. The PLCs led during the
first year by these novice teacher leaders were usually quite small (around
5-8 teachers) and often groups of teachers were leaders together, for extra
support during their initial steps in leading TEAMS discussions.

Each TEAMS PLC meeting usually consisted of two parts. One was
a mathematical discussion around an exploration-requiring task (called
in the PLC jargon — a TEAMS task). The second was an introduction to
pedagogical ideas such as "the five practices for orchestrating produc-
tive discussions” (Smith & Stein, 2011), Accountable Talk (Resnick et
al., 2018), and the importance of explicit attention to concepts, balanced
with giving students opportunities to struggle (Hiebert & Grouws, 2007).
As part of the PLC, teachers, as well as teacher leaders, were expected to
teach the TEAMS tasks that they had encountered in the PLC in their
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classrooms, to collect artifacts of students’ work and to bring them back
to the PLC for discussion.

The TEAMSPLCsprojectstartedat the beginningof 2020, at the height
of the COVID pandemic. It therefore took place via Zoom meetings.
(The general shift towards PD via Zoom meetings led to this staying the
case for many PLCs also after the pandemic.) Several PLCs, in which all
the participants signed consent forms, were recorded during their first
year of discussions. In the initial stages of this study, we scanned these
recordings fully, to see whether there were mathematical discussions
which could be compared with each other. We found such in the occur-
rence of 5 different PLCs discussing the same task, named "The apple
orchard task” (The first three sub-tasks are presented in figure 1).
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1. Howmany cypresstrees arein anorchard of nlines of apple trees? Find 3 different ways
to express the number of cypress trees.

2. Willthe number of apple trees be greater than the number of cypress trees at a certain
point? If so, when? If not — why not?

3. Look at the series of orchards that has the following [given] pattern. What changes at
a faster rate - the number of apple trees or the number of cypress trees? Justify your
reasoning.

Figure 1. The apple orchard task

The five discussions around this task were fully transcribed and analyzed
for possible conflicts. Conflicts were searched for by looking for disagree-
ments, points where teachers signaled that they did not understand each
other, and emotional expressions of puzzlement, frustration, or slight
embarrassment. Importantly, these indicators are just hints that a com-
mognitive conflict may be present. To discover the nature of the conflict,
whether commognitive or not, there is a need for a much closer analysis.

The particular PLC discussion that we focus on was chosen since
it included both a relatively long disagreement between the teachers
around a mathematical issue, and there were indicators of some discom-
fort on the part of the teacher leader. We do not claim this discussion
to be representative in any way. On the contrary, most mathematical
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discussions that we observed went without significant conflicts. However,
it highlights the challenges of identity and the ways by which identifying
can interfere with mathematizing.

The analysis will mostly be demonstrated in the findings section. It
consisted of (a) carefully and repeatedly analyzing the mathematical
words and procedures that teachers used; (b) mapping the identifica-
tions and positions that each of the participants authored; (c) identifying
the main storylines according to which the participants positioned and
identified themselves and each other.

Findings

Our study focuses on a discussion that occurred in one of our PLCs,
which we will call here - the Sunnydale PLC, around the third sub-task
of the apple orchard task: "Look at the following sequence of orchards.
What changes at a faster rate — the number of apple trees or the number
of cypress trees? Justify your reasoning”.

The Sunnydale PLC was led by two teacher leaders (called here Instl
and Inst2) via Zoom meetings. In this mathematical discussion, it was
mostly Instructor 1 (Instl) who talked while Instructor 2 prepared the
upcoming pedagogical discussion. In addition to the two leaders, the
session included five participating teachers. The discussion until the
third sub-task proceeded fluently. The teachers established that one could
use the linear function y=8x to describe the number of cypress trees in
the series and the quadratic function y=x” to describe the number of
apple trees in the sequence of orchards. They found algebraically that
the number of apple trees will be greater than that of the cypress trees
after the 8th orchard and noted that for x=8 (point (8, 64)), there will
be a point of intersection between the two functions. Satisfied with the
answer thus far, Instl led the group to the 3rd task. She was inviting
teachers to send solutions by WhatsApp, when Shalom suddenly said
something that started an argument (see episode 2) .

Episode 2

11 Shalom Perhaps we can add to more advanced tools that I write them (his
students) [-- unclear, probably "derivative”] that in the square its
2n and then compare the 2n with 8, which is the slope of the
straight line but that’s already not tools of 9th grade, I think

12 Instl Why not?
13 Shalom Derivation? That’s not tools of 9th grade

14 Instl Why do you need derivation here? You have Desmos. You showed
a linear function so that ...
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15 Shalom In Desmos you can see the slope, but it’s an investigation of ... not
investigation, not a definite investigation.

16 Instl no, but I can see rate of change that is constant and rate of change
that s ...

17 Naomi that’sit, I did it with a table.

18 Shalom right, but here you asked ehhh ... what changes at a faster rate,
and I can see that the rate at the beginning is slower and then it
intensifies and at a certain stage it changes, and for this I had to
derive [to use derivation]... to see at which stage it changes.

The argument around whether derivation was necessary for answering
the question went on for quite a while, with several misunderstandings
and miscommunications around it. Before examining the identifica-
tions and positions around this argument, we start by elucidating the
commognitive conflict underlying it.

The commognitive conflict underlying participants’ positioning

Our analysis revealed that Shalom was using the discourse of calculus,
talking about 2n and 8 which are the derivatives of the two functions
previously discussed in the group [line 11]. Yet curiously, his talk about
the derivatives 2n and 8 went unnoticed. Instead, Instructorl quickly
answered "why not?” [12] referring to Shalom’s last claim that "it’s not
tools (learned in) 9th grade”. Later, she claimed that "I can see rate of
change that is constant and rate of change that is...” [16]. Although she
did not complete her sentence, it is reasonable to believe that she meant
tosay "rate of change thatis changing”. By that, Instl wasreferring torate
of change as an attribute of functions that has a binary value (constant
or changing). The argument continued (see episode 3).

Episode 3
19 Instl Ican know thatin a parabola, the rate changes and is not constant,
while in a linear function, it’s exact.

20 Shalom and when is it exactly 8?
21 Instl excuse me?

22 Shalom when is it exactly 8?

23 Instl what do you mean?

24 Shalom you asked, you asked in the question what changes at a greater
rate... and then there is a stage that the cypress tree is faster and
there is a stage that the apple tree is faster and there is a stage that
they are equal in rate.

25 Instl right, this relates to question 2, I think you got to it in question 2,
to this point, didn’t you?
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26 Shalom but there, there was the number of trees. Not the rate.
27 Instl ok, and the number of trees did not describe the growth rate?

Clearly, Shalom and Instl were not understanding each other. Shalom
was referring to "when is it exactly 8?” ([20], [22]) where the "when”
probably referred to a particular point on the function, while Instl was
surprised by the question and did not seem to follow his reasoning.

It is important to mention at this point that we have no doubt that
Instl had, at some point in her career, learned and participated in the
discourse of calculus. We know this from her educational history and
also from her later agreement with Shalom’s claims. Our point is not
that Instl ”did not know” calculus. Our point is that, at this particular
moment in time, she was participating in a discourse that was diffe-
rent from that which Shalom was using. Instl was participating in a dis-
course of pre-calculus!, where "rate of change” (RoC) is a property of a
function that can take on a binary attribute (changing or constant). The
differences between the two discourses are presented in table 1.

Table 1. Comparison of pre-calculus and calculus discourses used in the discussion

Middle school pre-calculus discourse Calculus discourse
RoC is a property of the entire function. RoC depends on the specific domain of a

function.
RoC of a function has a binary value
(changes or constant)
RoC of a quadratic function is greater RoC is related to the slope of the tangent to
than that in a linear function the function at a certain point. That is, it

could be seen as a derivative at a point. RoC
is also related to the derivative function.

We are now ready to explore the identifying activity in the Sunnydale
PLC around the commognitive conflict.

Implicit identifications around the commognitive conflict
We found indications that the implicit identifying activity interfered
with the mathematical communication to a point where Shalom, who
was authoring the canonical narratives in the more advanced discourse
(that of calculus) was nearly dismissed and ignored. It is only through his
insistence, that the narratives of the calculus discourse became explicit
in the episode.

Throughout most of the interaction up to the point where the argu-
ment started, the participants implicitly identified themselves according
to the teacher-student storyline. Thus, Inst] implicitly identified herself

Nordic Studies in Mathematics Education, 29 (3-4), 41-60. 51



HEYD-METZUYANIM AND NACHLIELI

as a knowledgeable leader/teacher, while the participating teachers iden-
tified themselves as students/followers. Episode 1, from the very begin-
ning of the discussion around sub-task 3, demonstrates these implicit
identifications.

Episode 1

1 Instl [reads from theslide] "Let’s look at the series of orchards that fulfill
the given pattern. What changes at a greater rate — the number of
apple trees or the number of cypress trees? Explain your answer.”
And let me add to this question, is there a relation between this
question and the former one?

2 Shalom I..in the former question I drew a parabola and a linear graph.
And from the parabola and linear graph you can see that the slope
at a certain stage becomes bigger than the straight line, and there
I also saw the 8 and the zero in the intersections between them.

3 Instl so I'll be glad if you raise that in the discussion, great solution.
What about the left side of the parabola?

We see in this episode that Inst1 identifies herself as the leader [line 1] by
reading the question from the slide, cueing that the group is moving on
to this question. In addition, she states "and let me add to this question
... a question of her own. By that, she implies that it is she who has the
right to pose tasks to the group and it is the duty of the group members
to answer her questions.

In response to Inst1’s prompt, Shalom identifies himself as a follower/
student. He answers Instl’s question, explaining what he did in "the
former question”, and what he saw as result of his doings ("I also saw the
8 and the O in the intersections”). His "also” hints that he is trying to
answer Instl’s prompt not just to answer the question that she had just
read, but also to link between the answer to question 2 and the answer to
question 3. By these moves he communicates that it is his duty to answer
the instructor’s questions and to expose his thinking, as fits a student’s
role. He thus implicitly identifies himself as a student/follower.

Responding to Shalom, Instl continues to identify herself as the
teacher. She does this through three speech acts. First, she directs Sha-
lom’s contribution to a later stage ("I'll be glad if you raise that in the dis-
cussion”), indicating his contribution was too early. By that, she commu-
nicates that she has the right to manage and direct participants’ actions
in the discussion. Second, she praises Shalom’s solution ("great solution”),
indicating that it is her right to evaluate the responses of participantsand
it is her duty to give positive feedback (even encouragement) to those
who succeed. Finally, she issues another prompt to the group (not neces-
sarily to Shalom, who she hints should wait till later in the discussion),
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asking "what about the left side of the parabola?”. With this speech act,
she indicates that it is her right to pose additional tasks to the group and
to query their thinking. Moreover, with the specific focus on a part of the
mathematical narrative that Shalom may have missed, she indicates that
she knows what happens in "the left side of the parabola”, fitting with
her duty (as a teacher) to know the material before the students learn it.

Thus, in this first episode the implicit identifications of the Instl and
Shalom (as well as the other participating teachers, which we did not
focus on) aligned with the familiar storyline of teacher and students in
the class. This was, in fact, the case during the whole episode up to the
point where Shalom started questioning the necessity of derivation.

Episode 2 (presented at the beginning of this chapter) marks a change
in the identifications of participants, in particular, the identification
of Instl and Shalom. Instead of dutifully answering Instl’s questions,
Shalom suddenly shifts to making autonomous suggestions ("Perhaps
we can add...”). This happens while Instl is busy enacting her regular
position of teacher, managing the working of others (Naomi), monitor-
ing the photos sent through the WhatsApp group and praising Naomi
for her great job.

In response to Shalom’s remark in [11], Instl first queries his claim
("why not?”), then directly challenges it [14]. Her actions now shift from
managing participants’ contributions and giving feedback, to arguing
about the mathematical content of the task. As Shalom and Instl con-
tinue the debate (15-17), Naomi enters the conversation, attempting to
take up the position of a student that aligns with her teacher ("that’s it”)
by showing her work ("I did it with a table”). Yet Shalom ignores Naomi
and continues the argument with Instl ("right, but here you asked...”).
His "you” is said in the singular 2nd person female conjunction, indicat-
ing that his challenge is directed at Instl, not at Naomi and the other
teachers or at a general group of authors who are responsible for the task.
Thus, Shalom now identifies himself as a debater of Instl, rather than
as her follower.

There are various indications in the moments following this interac-
tion that show Instl is unwilling to release her identity of a knowledge-
able leader. For example, in response to Shalom’s last challenge (line 26,
episode 3), she says:

27 Inst 1 Right, that belongs to question 2. I think you (plural) got to it in
question 2, to this point, haven’t you?

By this move, Instl attempts to regain the rights to lead and control the
whole group’s actions (seen in the plural "you”), as well as inquire into
their working progress ("you got to it in question 2 ... haven’t you?”). Yet
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Shalom insists on continuing with the role of debater, rejecting Instl’s
claim that the answer may lie in Q2. He says:

28 Shalom But there it’s the number of trees, not the rate
29 Instl OK, and the number of trees does not describe the rate of change?

This is an important moment for two reasons. First, because Shalom and
Instl are now in a state where their identifications will be determined
(retroactively) according to the mathematical veracity of the answer
to Instl’s question. If the answer is "yes, the number of trees describes
the rate of change”, then Instl would be identified as the knower, while
Shalom would be identified as the one who was mistaken (or confused).
We note that according to the familiar teacher-student storylines of our
culture, students have the right to err, while teachers do not. If, however,
the answer to Instl’s question is 'no, the number of trees does not describe
the rate of change” then Instl would instantly be identified as wrong,
and her identity as a knowledgeable leader would be severely threatened.

The second reason this moment is important is since it revolves exactly
around the commognitive conflict that we identified in the first part of
the analysis. As we showed earlier, the narrative that "the number of
trees describes the rate of change” makes sense in the pre-calculus dis-
course, since both of them relate to the function object, and since there
is no other significant object to which "rate of change” is ascribed. In
contrast, in the calculus discourse which Shalom is using, the number of
trees is described by the value of the function, while the rate of change
is described by the derivative of the function at a particular point. We
thus see that the identity conflict is intimately interwoven with the
commognitive (mathematical) conflict.

Eventually, the conflict was resolved with Shalom convincing Instl
and the other participants about his claims. This happened in episode 4,
which is a result of around 70 turns (about 13 minutes long) and many
back-and-forth responses between Instl and Shalom.

Episode 4

89 Shalom So in the context of this question, between 1 and 4 the apples
grow uh ... at a bigger rate, sorry the cypress at a bigger rate, and
between 5 and up the rate of the apples is bigger

90 Instl OK. But they didn’t ask from where. They asked which is bigger
and why

91 Shalom But thereisn’t a clear-cut answer

92 Instl No, all right. But from a certain point, which is first? If we go
further on the number line toward the right
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93 Shalom Butagain, yousaid literacy,solet’s consider the question. The ques-
tion doesn’t speak of a certain place in- at infinity. The question
speaks of the entire range and this range is divided to two

94 Instl Alright I accept. Do you (plural, feminine) agree?

This episode marks the conclusion of the argument between Shalom and
Instl. Yet before it, there were still two instances where Instl attempted
to reauthor her identity as the one who is right. Interestingly though, her
arguments against Shalom were now only focused on the pedagogy (what
the question asked)[90, 92]. Only after Shalom challenged these peda-
gogical considerations too, did Instl close the discussion with "alright I
accept” [94]. However, she immediately attempted to reauthor her iden-
tity as leader by turning to the other participants and requesting them
to state their agreement ("(Do you) agree?” [94]).

Discussion

Our goal in this study was to examine the ways by which teachers and
teacher-leaders identify each other around a mathematical challenge in a
PLC setting. This goal was driven by the gap in current knowledge on the
relation between identifying and mathematizing in explorative teaching
situations. For our analysis we chose a common situation in PLCs where,
on the one hand, teacher-leaders need to engage teachers in productive
mathematical discussions so that the participants become experienced
in explorative discussions. On the other hand, the distribution of mathe-
matical expertise in a PLC setting does not necessarily align with the ofh-
cial roles of the participants (PLC leader vs. teachers) due to the fact that,
especially in secondary schools, teachers may have various mathematical
experiences and educational backgrounds. We reasoned that this situa-
tion may give rise to identity conflicts, and particularly to places in which
identifying will interfere with mathematizing, as previously found in
student settings (Heyd-Metzuyanim & Sfard, 2012).

Ouranalysis of a particular PLC discussion where amathematical argu-
ment occurred, showed indeed that identity conflicts between teacher
leaders and participating teachers may hinder effective mathematical
communication. Moreover, the identifications of the participants were
interwoven with the power of the mathematics to determine the final
answer. In the episode analyzed, the positions of interlocutors shifted
from teacher-students to debaters precisely around the commognitive
conflict, where the meta-rules of the mathematical discourse and the
objects involved changed from middle-school pre-calculus discourse to
calculus discourse. Around the shift between pre-calculus and calcu-
lus discourse, the achievement of a "teaching-learning” agreement was

Nordic Studies in Mathematics Education, 29 (3-4), 41-60. 55



HEYD-METZUYANIM AND NACHLIELI

particularly challenging since within the familiar storylines of profes-
sional development settings, the teacher-leader is the one who is sup-
posed to be the leader. However, in this particular case the teacher-leader
authored narratives from the non-leading discourse, while the participat-
ing teacher (supposed to be follower) authored narratives from the more
advanced discourse. It was the structure of these mathematical discourses
that enforced, in a way, the shifts in positions of follower and leader. This
"stepping in” of the mathematics is illustrated in table 2.

Table 2. Only when the agreed-upon leading discourse changes, do we see movement
in the roles (arrows)

Identifying mathematizing Leader Follower

Calculus (leading discourse) <—— Shalom

Middle-school pre-calculus Instrl /

From this case study, many teacher educators would probably conclude
that teacher-leaders should be better prepared mathematically (Borko et
al., 2014). Yet we wish to question this widespread assumption, especially
since PLCs are settings where teacher-leaders can mostly receive training
in pedagogical ideas and there is no guarantee that their mathematical
education would be superior to that of their participating teachers.
Instead of "placing the blame” on teacher leaders and their mathe-
matical experience, we wish to offer that storylines of what it means
to successfully lead a mathematical discussion in a PLC setting need to
change. After all, if Inst]l had not been so protective of her identity as
the knowledgeable leader (around the mathematical discussion), there are
good chances that (a) the discussion would have proceeded with much
fewer hurdles of communication; and (b) the other participating teachers
would have better access to Shalom’s claims. In this regard, we note that
once Instl accepted Shalom’s claims, she hastily moved on to the next
subject. She never halted to ensure all four other participants fully under-
stood Shalom’s claims. Thus, other teachers’ opportunities for learning
can be missed when identity issues overbear mathematical discussions.
The case we analyzed in this study may not necessarily represent the
discussions in our TEAMs project. In particular, we note that the data
was taken from the first year of the project, when teacher leaders were
still relatively inexperienced in conducting mathematical discussions
with teachers. Still, we believe that identity-related issues, and in relation
to them, "face saving” acts (Vedder-Weiss et al., 2019) are quite common
in any mathematical discussion between teachers. Aslong as entrenched
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implicit assumptions about mathematical ability and knowledge are not
challenged, teachers will continue to hide their insecurities when dis-
cussing mathematics with their colleagues. If we wish to challenge such
fixed notions of ability in the classroom (Boaler, 2013), if we wish to
instantiate norms in the classroom that erring is part of learning and
should not be a source of shame, we probably need to start by educating
our teachers in the same way.
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Notes

1 The episodes in this paper are numbered according to chronology. Thus,
the first episode to appear in the paper is episode 2, as it actually followed
episode 1 which appears later in the paper.

2 The pre-calculus discourse we refer to in this paper is often used in middle
school to relate to analysis of function focusing on continuous change,
before learning the notion of derivation.
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