Prolifing Swedish teachers’
knowledge base in probability

PER NILSSON AND TORSTEN LINDSTROM

This paper aims at profiling Swedish teachers’ knowledge base in probability. 43
teachers in compulsory school answered a questionnaire on probability estimation
tasks and concept tasks. In the concept tasks, they were challenged to explain their
solutions and the content involved in the probability estimation tasks. We distin-
guish five patterns in the teachers’ knowledge profile: 1) a basic understanding of
the theoretical interpretation of probability, 2) problems with structuring compound
events, 3) difficulty with conjunction and conditional probability, 4) a higher degree
of common contentknowledge than of specialized contentknowledge and 5) limited
understanding of random variation and principles of experimental probability.

This paper is part of a larger, on-going project aiming at investigating
the teaching of probability in the Swedish school-system. A long-term
goal of the project is to provide valuable information on how we should
design pre-service and in-service programmes to prepare teachers to
teach probability. In this paper, we present the first step in this enter-
prise by describing and analysing the nature of Swedish school-teachers’
knowledge base in probability.

In recent decades, there has been an increased interest in studying stu-
dents’ understanding of random experiments and how the students develop
an understanding of probability in order to make predictions about the dif-
ferent outcomes of a random situation (Jones, Langrall & Mooney, 2007).
This trend is also evident in the contemporary school curricula of many
countries, including the Swedish curriculum for compulsory schools.

In the new Swedish curriculum for elementary schools, the combina-
tion of probability and statistics constitutes one of six central content
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areas (Swedish National Agency for Education, 2012). There is no doubt
that this increased interest in chance and probability in the curriculum
is important. We increasingly meet chance variation and random phe-
nomena, not only in games, sports, and individual decision-making, but
we also encounter them in the social security system, insurance, and elec-
tions that form the basis of our modern society (Jones, 2005). However,
international studies show that teachers find it difficult to teach prob-
ability (Haller, 1997), and the question that motivates the stance of
the present project is whether Swedish teachers are prepared for this
increased emphasis in the school curriculum on teaching probability.

While we recognize that there are many factors affecting teach-
ing performance - e.g. how teachers are affected by the school-system,
how they perceive knowledge and teaching, how they assess students’
understanding, how they relate to their professional community, and
how they respond to curriculum change (Watson, 2001) - the approach
of the present study builds on the stance taken by Shulman (1987). He
concluded that (p.41)

teaching typically occurs with reference to specific bodies of content
or specific skills and that modes of teaching are distinctly different
for different subject areas [...] the particular kinds of learners and
the character of the setting also influence the kind of teaching |...]
[and] most assessments must examine the applications of pedagogy
to specific subject areas.

In relation to the teaching of the specifics of probability, Stohl (2005)
observed that "the success of any probability curriculum for devel-
oping students’ probabilistic reasoning depends greatly on teachers’
understanding of probability as well as a much deeper understanding
of issues such as students’ misconceptions” (p.351). In the present paper,
the focus is on teachers’ knowledge base in probability. Investigating
teacher knowledge builds on the assumption that teachers’ understand-
ing of significant mathematical ideas has a profound influence on their
capacity to teach mathematics effectively. Above all, their understand-
ing of mathematical ideas influences what they intend students to learn
and how they, the teachers, can develop the learning trajectories of these
ideas. Moreover, the way teachers understand the content they teach has
proven to be critical for their pedagogical orientation and their ability
to make instructional and assessment decisions (Liu, 2005; Van Dooren,
Verschaffel & Onghena, 2002).

The present study offers a Swedish perspective as we are investigating
teachers who are educated in Swedish teacher programs and who teach
in the Swedish school-system. However, we claim that the study is of
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general interest, beyond the Swedish system, in terms of broadening our
knowledge of teachers’ understanding of probability and how they merge
their understanding with their education and teaching experiences.

Research question

Based on the introduction and the background that follows, the present
paper addresses the specific research question: What is the profile of
Swedish teachers’ knowledge base in probability?

Background

In this section, we discuss three themes which, between them, point
to why and how probability is a particularly difficult subject to teach.
The themes are: the irreversibility of randomness, different meanings of
probability, and peoples’ informal ideas of probability.

The irreversibility of randomness

In contrast to arithmetic or geometry, probability deals with situations
that are irreversible. An elementary operation like multiplication can be
reversed, and this reversibility can be represented with concrete material.
This is very important for young children who are still very linked to con-
crete situations in learning mathematics (Batanero & Diaz, 2012). Take,
for example, the situation where four children have six marbles each and
the question is how many marbles they have got altogether. The situation
can be used to illustrate the multiplication "four times six equals 24”. We
can represent the multiplication of four times six in several ways with
concrete materials and we experience that we always arrive at 24. That the
process is reversible means that we always return to the home position if
we start from the end and do the operation backwards. In our example, this
means that we can concretely illustrate how the distribution of 24 marbles
among four children always results in the situation where each child gets
six marbles; we always return to the initial state. Such experiences are
very important in helping children experimentally abstract mathematical
structures (Batanero & Diaz, 2012). However, in the case of random experi-
ments and probability thinking, we obtain different concrete experiences
each time the experiment is carried out. The children cannot experience
reversibility in a random situation. We do not get the first result again and,
consequently, we cannot derive the process backwards, returning to the
initial state. Say, for instance, you throw 100 thumbtacks. It is impossible
to reconstruct the situation from how the thumbtacks landed on the table
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to their initial state in your hand, just before you threw them. This makes
the teaching of probability comparatively harder for teachers.

Different meanings of probability

It is possible to think of probability in different ways depending on the
random experiment in question. Different ways of thinking are suitable
for different situations, depending on what information is available. In
line with the teaching and research in probability education, the present
study focuses on the knowledge base teachers have in relation to both
the theoretical and the experimental interpretations of probability. The
theoretical interpretation of probability allows the calculation of prob-
abilities before any trial is made. It implies the need for sample space-ori-
entated ratio-thinking (Hawkins & Kapadia, 1984) where the probability
of an event is obtained through the fraction of outcomes favourable for
an event out of all cases possible (Borovcnik, Bentz & Kapadia, 1991). The
key ideas of theoretical probability are: to develop an ability to list all pos-
sible outcomes for an event, and an understanding of how the underlying
sample space regulates the probabilities of a random phenomenon (Cher-
noff & Zazkis, 2011). Experimental probability offers a posterior model of
arandom experiment. Through experimental probability, the probability
of an event is obtained from the observed relative frequency of that event
in several trials (Borovcnik et al.,, 1991). Similar to theoretical probabil-
ity, experimental probability also implies ratio-thinking, but this time
in terms of determining the fraction of the number of times an event
appears out of all trials done. The key ideas to understand in experimental
probability are: random variation, sampling, independency between trialsin
a sample and the role of sample size (the law of large numbers) (Gal, 2005).

In our investigation and evaluation of the teachers’ knowledge base
in probability, we consider their ability to discern and piece together
different aspects of the two interpretations.

Previous research on teachers’ knowledge of probability

Teachers’ understanding of probability has not been studied to the same
extent as students’ understanding has (Stohl, 2005). Therefore, in order
to form a basis for the design of our survey instrument and subsequent
analysis, we also include pre-service teachers in our literature review.
Studies show that in-service and pre-service teachers do not have a
strong understanding of probability and that they often hold the same
misconceptions as students (Batanero & Diaz, 2012; Begg & Edwards, 1999;
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Haller, 1997; Liu, 2005). Begg and Edwards (1999) mapped the content
knowledge of 22 teachers and 12 student teachers in elementary schools
in New Zealand. They found that the participants had a weak under-
standing of central probability concepts with only about two thirds of
them understanding equally likely events and even fewer understanding
issues of independent random events.

Batanero, Canizares, and Godino (2005) conducted a survey of
Spanish pre-service teachers’ understanding of probability. The results
of a sample of 132 pre-service teachers showed that the participants fre-
quently had three probabilistic misconceptions: representativeness (Kah-
neman & Tversky, 1972), equiprobability bias (Lecoutre, 1992) and the
outcome approach (Konold, 1989). Applying representativeness basically
means that people judge small samples as being equally representative
of a population (or the underlying sample space) as large samples. The
equiprobability bias concerns how people overgeneralize the assumption
of equiprobable outcomes to situations that are not uniformly distrib-
uted. When inclined toward the outcome approach, people often base
their predictions on causal factors, and tend to assign numbers as "prob-
abilities” on the basis of the strength of the perceived causal relationship.
If the strength is sufficient for a certain outcome, the outcome-orientated
person would expect it to happen (Pratt, 1998).

The law of large numbers is central to the experimental interpreta-
tion of probability and for being able to make connections between the
theoretical and the experimental interpretation of probability (Nilsson,
2009; Prodromou, 2012). Understanding the law of large numbers implies
"understanding the unpredictability of random phenomenon in the short-
run but predictability in the long-run trends in data” (Stohl & Tarr, 2002,
p-321). In relation to this, Lee and Hollebrands (2008) show how teachers
may have difficulties with understanding the role of sample size when
examining distributions and variability and how this understanding
makes it hard for the teachers to address the heart of the frequentist
conception of probability.

Liu (2005) investigated a group of high school teachers as they engaged
in seminar discussions that progressed over eight sessions in two weeks.
During these seminar discussions, it became evident how difficult it was
for the teachers to develop a combined and coherent understanding of
probability. The teachers expressed what Liu calls a compartmentalized
understanding. Their understanding of specific concepts was closely
connected to specific situations and they conceptualized learning as
"knowing to solve problems” (Liu, 2005, p.348).
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Methodological considerations

Overall structure of teachers’ knowledge base in probability

Ball and her colleagues (Ball, Thames & Phelps, 2008) have developed the
notion of "mathematical knowledge for teaching” (MKT) for structuring
the nature of knowledge needed for teaching mathematics. The notion of
MKT is distinguished by six main domains: knowledge of contents and cur-
riculum, knowledge of content and students, knowledge of content and teach-
ing, common content knowledge, specialized content knowledge and horizon
content knowledge. Each domain highlights different issues of what is
understood to be crucial in the teaching of mathematics'. In the current
study, the object of study is teachers’ knowledge base in probability. For
the current study, we use the principles of common content knowledge
(CCK) and specialized content knowledge (SCK) to specify the overall
structure of teachers’ knowledge base in probability.

Common content knowledge (CCK). Generally speaking, CCK
refers to the mathematical "knowledge that is used in the work of
teaching in ways in common with how it is used in many other profes-
sions or occupations that also use mathematics” (Hill, Ball & Schil-
ling, 2008, p.377). In several studies, it has become clear how teach-
ing is affected negatively and valuable time is lost when a teacher
pronounces or uses terms incorrectly, or miscalculates or gets stuck
when trying to solve a task. A teacher needs to know when students
have got the answer wrong, to realize when a textbook gives an
incorrect definition, and to be able to use terms and symbols cor-
rectly. Hence, teachers need to know the content they teach and
they are responsible for their students development (Contreras,
Batanero, Diaz & Fernandes, 2011).

Specialized content knowledge (SCK). In contrast to CCK, teach-
ers need mathematical knowledge that is specific to the teaching of
mathematics (Hill et al., 2008). In line with Contreras et al. (2011), we
particularly focus on how teachers explain what they are doing, how
they express an ability to use technical terms (c.f. Mason, 1998; Ryve,
Nilsson & Pettersson, 2013) of probability, and are able to discern
and express the content of a probability task.

Participants and data collection

To answer our research question, we e-mailed approximately 240 teach-
ers, asking them to answer a questionnaire about probability. 43 teachers
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chose to answer the survey. Of those 43 teachers, six were educated
upper secondary school teachers (the Swedish gymnasium), 18 were
educated secondary teachers (grade 7-9) and 16 were educated primary
school teachers (grade 1-6). For the last three participants, it was difh-
cult to interpret their education from the information they gave. The
questionnaire was completed anonymously using Google docs.

The sample is not completely representative for two reasons. First,
only about a fifth of the 240 teachers completed the questionnaire and
this raises questions as to whether it was only those who were most com-
fortable with the subject who responded. The second reason is that the
respondents were drawn from a list of "Mathematics developers”’. As a
Mathematics developer, you have often shown a certain interest in the
issues of mathematics education and you are supposed to implement local
developmental work and serve as a guide for research and other inspira-
tional material. Thus, when we evaluate our results, we must remember
that we have probably received a picture of the knowledge base among
the most qualified teachers and that we may have good reason to assume
that Swedish teachers in general would perform below the average of the
sample in the present study.

In the e-mail, it was explained that the survey would take approxi-
mately 90 minutes to complete. The aim of this was to signal to the teach-
ers that they should give the survey enough time and take it seriously, in
order for us to receive a valid profile of their knowledge base. However,
this may be one reason for the low rate of participation

The survey

Two pilot questionnaires formed the basis of the design of the current
survey. One pilot focused on the experimental interpretation of prob-
ability, the other focused on the theoretical interpretation. The questions
in the pilot questionnaires worked well, and we made only minor adjust-
ments to the wording of some of the questions. The present survey com-
bines questions from both of the pilots, i.e. tasks which call for reflection
on both the theoretical and the experimental concepts of probability.
The survey began with some background questions about the teach-
ers’ education, how long they had taught mathematics, and their level of
education in probability. These questions were followed by four ques-
tions where the teachers were asked to assess their familiarity with the
law of large numbers, sample space, conditional probability and uniform dis-
tribution respectively. Teachers could choose from five options: a) Never
heard of the concept, b) I have heard of the concept, ¢) I know what
the concept means, d) I can relate the concept to some other concept of
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probability theory, and €) I can explain to my students what the concept
means. Focus on the present paper is on the probability tasks, which
constituted the largest part of the survey. There were 11 probability tasks
(appendix 1). Each task consisted of a probability estimation task and a
concept question (explorative question). The probability estimation tasks
were supposed to provide information on the teachers’ CCK and the
concept questions to provide information on the teachers’ SCK. The
concept questions are marked with an apostrophe ().

The research literature on probability education constituted a large
source when constructing the probability questions for the survey.
Another source of motivation when constructing the questions was text-
books in probability directed at children in grades 4-6 (10-12 years old).
Questions 16 and 17 (appendix 1) are the best examples of this category.
Some of the questions were motivated by die-games directed at 10-12
year old children. Children may encounter game-situations where they
play in accordance with the total of two dice (question 14). They may
encounter situations where they roll two dice, but proceed according to
the one showing the lower number (question 19). Children may there-
fore ask their teachers questions regarding non-uniform and asymmetric
distributions.

General principles in the coding of the teachers’ responses

The analysis of the answers to the content questions was done through
theiterative process of content analysis (Krippendorff, 2004). This means
that the entire material composed of the teachers’ answers was analysed
repeatedly. Meanings and phrases which contained information relevant
for the teachers’ SCK were marked. All marks were then ordered in levels,
forming the profile of the teachers’ SCK.

Coding of data is a matter of interpretation and this is particularly the
case when it comes to the coding of conceptual questions. To strengthen
the reliability of the coding, the coding process of the current study was
made in two steps. The two authors first coded the data individually, in
order to ensure that none of the researchers would dominate the coding
too much during discussions. Then the coding was discussed collectively,
with a particular focus on instances where the individual assessments
differed.

In table 1 below, we present the result of the entire analysis of the
teachers’ responses to the concept questions. In this section, we describe
the overall principles of our analysis and our way of classifying differ-
ent responses. For all questions, rather general or imprecise references
to probability theory or combinatorics were classified as Level 0. For
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instance, Level O reasoning was displayed when teacher 29 at question 9'
articulated that there is a need to have a presentation about probability
and statistics to deal with the diagram in a teaching situation. Imprecise
references to steering documents or school curricula were also treated
as Level O responses. Answers containing remarks about required pre-
requisites (e.g. fractions, per cent, coordinate system in question 9') were
considered to be on a higher level than Level 0. The exact code given
depended on the prerequisites referred to. For instance, in question 9',
teachers 15 and 16 mentioned that they would never use such a task for
the grade in question; pupils aged 10-12 have not established the use of
either decimal numbers or of coordinate systems in such a way that the
task would be feasible for them. This was a response that was valued
higher than a response of just remarking on, for instance, the need to
understand fractions and percentages.

Question 10 was, as was expected, the most difficult one. The example
can actually be found in university level textbooks in probability theory
(see e.g. Bertsekas & Tsitsiklis, 2008). It is a well-known case where asym-
metry is caused by the conditional information that one side of the card
is blue. Only two teachers answered this question correctly (teachers 7
and 23). However, not even these teachers reflected on the asymmetry
or order embedded in the situation when they came to question 10" As
they managed to solve the probability estimation task, it is clearly visible
that there are levels that should be expressed for students in the concept
questions, but are not.

Calculating the rate of success in the probability estimation tasks was
straightforward. The maximum score was defined prior to the partici-
pants’ responses. This was not the case for the concept questions. Here,
there were no maximum scores defined in advance. Instead, the rate of
success in the concept questions was relative to the qualitative differences
in the participants’ answers and levels achieved. For example, in task 9',
we distinguished five levels (scores from 0-4). The total possible score
was 4-43=172. The rate of success achieved by the group was 47%, which
isgiven by (0-10+1-3+2-18+3-7+4-5)/172.

Results and analysis

In table 1, the coding of all the teachers’ responses to the concept ques-
tions is presented and the absolute number of responses, classified in
accordance with the specific levels is given in brackets. Table 2 presents
the relative frequencies of the group’s performance on the probability
estimation tasks and the conceptual questions.
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Table 1. Classification of the teachers’ responses to the conceptual questions

Ques-
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References too general (3), listing of general teaching curricula (1),
empty (6), or irrelevant (0)
Events, relative frequency, fractions, per cent, what is actually done at 10-12
Kzars of age? (3)

ean value, coordinate systems, decimal representation, number of trials
essential (18)
Reasoning why this is not suitable for ages 10-12, coordinate systems,
fractions not yet covered, etc. (7)
References to the law of farge numbers or equivalent (5)

References too general (6), listing of general teaching curricula (3), empty
8), or irrelevant (1)
ractions, per cent, sample space (19)
Conditioning, one has to disregard the card that was green on both sides (6)
Asymmetry is encountered after conditioning (0)

References too general (3), listing of general teaching curricula (1), empty (8),
or irrelevant (0)

Fractions, per cent, sample space, discrete uniform probability law (13)
Reasoning concerning what is left in the box, conditioning, dependence (18).

References too general (4), listing of general teaching curricula (1),
empty (13), or irrelevant (0)

Fractions, division, per cent, etc. (6)

References to the discrete uniform probability law and division if anything
correct in the previous exercise (17)

References to conditioning or that only the girls are counted (2)

References too general (98, listing of general teaching curricula (1),
empty (10), or irrelevant (3)

The number of trials has an impact, several trials closer to expectation (14)
References to law of large numbers, large variations in small samples
possible (6)

References too general (1), listing of general teaching curricula (1),

empty (8), or irrelevant (1)

Coml}),inations for the different sums, sample space or independent events
are mentioned (9)

There are a different number combinations for the different sums (7)

Notes order as something relevant (6)

References too general (O%, listing of general teaching curricula (0),
emﬁ)ty &7), orirrelevant (4

Only a few women are teachers, among teachers many are women, etc. (32).
References too general (0), listing of general teaching curricula (0),

empty (6), or irrelevant (7

Discrete uniform probability law gives the same probability (30)

References too general (0), listing of general teaching curricula (0),
empty (6), or irrelevant (6)
There are more odd combinations than even ones (26)
Condi(ti)oning implies some even sums should be removed from the sample
space (2
otes order as something relevant (3)

References too general (0), listing of general teaching curricula (0),
empty (7), or irrelevant (13)

The set of men is larger than the set of young men, drive more, or
equivalent (14)

Tcile set of young men is a subset of the total amount of men (9)
References too general (0), listing of general teaching curricula (0),
empty (8), or irrelevant (12)

There is a total number of 36 outcomes (13)

Identification of the 10 or 11 (motivated) relevant outcomes (4)
Notes order (6)
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Table 2. The rate of success on questions (see appendix)

Question Rate (%) Question Rate (%)
9' 47 14' 32
10 5 15 93
10' 22 15' 74
1 98 16 88
1 57 16' 70
12a 95 17 77
12b 70 17' 30
12¢ 77 18 74
12 36 18' 37
13 65 19a 26
13' 30 19b 53
14a 76 19' 30
14b 80

Studying tables 1 and 2, we see that the teachers in general show limited
SCK. Very often the teachers offer overall and imprecise explanations,
or present suggestions that are particularly incorrect or irrelevant to the
task at hand. We are aware of the difficulties of comparing the quanti-
tative values of the results in the probability estimation tasks and the
concept tasks. However, we see that the teachers are more capable of
solving the probability tasks than of expressing answers in the concept
tasks. Very often, they use theoretical ideas and concepts (implicitly) in
calculations but find it hard to discern and express the content of the
task or of what they have done. We understand this to mean that the
teachers’ knowledge profile is more developed in terms of CCK than in
terms of SCK. Moreover, based on this difference, we claim that their
knowledge profile is more computationally orientated than conceptually
orientated. Next, we go into detail regarding the result of the survey. The
presentation basically follows the patterns we identified in the responses
to the probability estimation tasks. However, the analysis is done on the
collective information we received from the survey.

In several probability estimation tasks, the teachers show evidence
of relatively good CCK. We particularly note that the teachers are quite
comfortable with simple random situations, which ask for a Laplace-
based model of probability, based on proportional reasoning of favour-
able cases of an event out of all possible cases. In contrast, we see that
they are less comfortable with the concepts of random variation and the
stabilization of frequencies (question 13). The results also disclose that
many teachers find it hard to deal with conditional probabilities and to
structure the sample space of compound random events.
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Familiarity with the basic principle of theoretical interpretation

Among the four tasks with the highest rate of success, three of them
(11, 12a, 16) concerned the calculation of single random events. These
results imply that when the probability task is pretty straight forward,
and the sample space is clear to the teachers, they have no problems with
modelling probabilities in accordance with the theoretical, sample-based
interpretation of probability.

Question 11 contained an extra difficulty. Here, we wanted to see how
the teachers responded to a task without replacement. They would first
answer regarding getting a black marble in a second draw from an urn,
after first having picked a black marble that was not replaced. The same
question was then asked regarding obtaining a red marble after picking
a black marble that was not replaced. Studies show (e.g. Tarr, 1997) that
students often fail in situations without replacement. In relation to the
current task, this would show up as them noting that the probability of
black has changed, as they have already drawn a black marble, but they
should also consider that the probability of red has not changed. This
problem is considered to be rooted in a way of thinking in which the
student decides on the basis of part-part comparisons and not on the basis
of part-whole comparisons (Tarr, 1997). However, based on the results of
question 11, the teachers exhibited no difficulties in realizing that the
probability of the outcome that was not obtained is the first draw (i.e.,
obtaining a red) had also changed. We interpret this as the basic ratio-
principle of the theoretical interpretation being present in the teachers’
CCK of probability.

In question 16, the teachers were asked to compare the probability
of two situations, with the same proportions in sample space structure.
If inclined toward part-part reasoning, it would be easy to decide that
the probability of an event is highest in the situation with the largest
number of favourable outcomes for the event in question. Of those who
responded that the chance was different, most teachers also answered
that the chance was largest for box B, i.e., for the box with most blue balls.
This, exactly, reflects a comparison of the two parts involved and not of
the proportions of favourable outcomes. However, 88% of the teach-
ers answered that the chance was equal, and in their motivations they
referred to the equal proportions of marbles in the two box situations.

The problem of random variation and stabilization of frequencies

In question 13, the teachers were asked to consider the various chances
of obtaining seven heads out of ten throws of a coin and 70 heads out
of 100 throws. This was not an easy task for many of the teachers. Of
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the 35% who gave incorrect answers, most of them answered that the
chances were equal. These responses indicate that teachers have diffi-
culties in understanding the law of large numbers and the stabilization
of relative frequencies. It also indicates that the teachers’ CCK is very
much Laplace-orientated, involving proportions as a judging technique,
without reflecting on the behaviour of random variation. The validity
of this last interpretation is strengthened when we compare the teach-
ers’ responses to task 16, where they were asked to judge the probabil-
ity of obtaining a blue marble when choosing from an urn containing
six red and four blue marbles and an urn containing 60 red and 40 blue
marbles. Question 16 proved to be easier for the teachers. In question 16,
issues of frequencies or random variation were not part of the task as was
the case in the question about the coin-flips. Connected to the previous
paragraph, question 16 was more about sample space and, particularly,
about fractions and equivalent fractions, which match a Laplace-based
procedure for judging probabilities. Based on how responsive the teach-
ers were to proportional reasoning in this task, we have good reason to
believe that this was also very much affected by how they reasoned in
the coin situation, valuing the likelihood of obtaining seven out of ten
and 70 out of 100 as equal.

The ability to structure the sample space of compound random events

Above, we have argued that the teachers have an understanding of the
basic principle of theoretical probability interpretation, that the prob-
ability of an event can be determined as the ratio between the number of
favourable cases and the total number of possible cases. However, ques-
tions 14ab and 17 also follow this principle of probability modelling. But
why then, is it that the teachers’ rate of success is lower here than on the
single random events discussed above? The interpretation we propose for
understanding the low rate of success in 14ab and 17 is that these ques-
tions deal with compound random events and that compound events
make greater demands on the ability to identify all favourable and pos-
sible outcomes. One specific issue with compound events is that you
often have to take into consideration the order of the single outcomes to
outline all possible outcomes. To illustrate, we look at question 13 regard-
ing the total of two dice. It is possible here to form the eleven totals in
36 different ways. For example, there are two ways to arrive at the sum
of three, either as 1+ 2 (1;2) or as 2+1(2;1). Thus, we can form 36 unique
pairs of the totals and six of these 36 pairs form the sum 7 and only one
of them forms the sum 12.
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Itis notable that all teachers suggested certain totals as most likely (ques-
tion 14a) or least likely (question 14b) respectively. Hence, none of the
teachers suggested that all totals are equally likely, i.e. none of them
demonstrated the equiprobability bias (Lecoutre, 1992), that everything
is only a matter of chance, or the fairness resource (Pratt, 2000), that the
totals are distributed uniformly since a single die is uniformly numbered.

The problem with conjunctional and conditional random events
Basically, all questions, except for question 9 and question 13, build on
the idea of favourable events out of total possible events. This is actually
also the case for questions 10, 12bc 15, 18, and 19ab. However, these ques-
tions proved to be harder for the teachers. Questions 12b and 18 ask for
the probability of conjunctions, and questions 10, 12¢, 15, and 19 ask for the
probability of conditional random events.

Concerning conjunctions, it is particularly interesting to compare the
results of 12b to the results of 12a. Only one teacher failed to give the
correct answer that the probability that a student likes tennis is 6/7. But,
only 70% gave the correct response, 2/7, for the conjunction, that the
student is a girl and likes tennis. That the rate of success was lower on 12b
(and 12¢) than on 12a follows the same pattern identified by Contreras et
al. (2011) when confronting Spanish pre-service students with exactly the
same question. Following the explanation proposed by Contreras et al.
(2011), we have good reason to believe that the teachers find it difficult to
identify what constitutes the "part” and the "whole” in the three different
questions. It is difficult for them to discern the conjunction embedded in
the question (to conclude on favourable cases) and to what sample space
(total amount of possible outcomes) they should relate this conjunction.

Question 12c concerns the conditional probability of a student liking
tennis when we know that the student is a girl. The problem here is also
tounderstand the question in order to be able to identify the sample space
and the number of favourable cases. From the condition given, that the
student is a girl, we restrict the sample space to the 250 girls, and among
them 200 like tennis. Hence, the probability of obtaining a student liking
tennis, given that the student is a girl is 4/5.

Dealing with conditional probability is known to be difficult (Falk,
1988). The two results that stand out in the survey are the results of
questions 10 and 19. These two questions deal explicitly with conditional
random events. Similar to the results on 12¢, we propose that the difh-
culty may be grounded in a difficulty in understanding the questions.
Understanding the logic involved in a conditional probability task is not
as straightforward as understanding a task regarding the probability
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of arriving at seven when throwing two dice. Moreover, in addition to
understanding the logic of conditional random events, there is a need
to be able to structure the entire sample space and figure out favour-
able outcomes. For instance, being able to list all 36 possible outcomes
when throwing two dice will likely increase the possibility of the teachers
solving tasks 19a and 19b. In question 10, you should understand that the
information given (the condition) allows you to limit the sample space.
So, when understanding the logic given by the condition that the card is
blue on one side, you would be in a good position to understand that you
need not worry about the card with two green sides. Using an index to
mark the three blue sides of the two remaining cards, we can identify the
three possible cases, (B, G), (B,, B,) and (B,, B,), and conclude that there
is twice the chance (2/3) that the card is blue on both sides, compared
to being green.

Conclusion and implications

This paper is part of a larger project aiming at investigating the teaching
of probability in the Swedish school-system. In the present analysis, we
have tried to profile practicing teachers’ knowledge base in probability
by structuring our research instrument and analysis based on the princi-
ples of CCK and SCK (Ball et al., 2008). We conclude that five particular
patterns can be discerned from our results and analysis.

First, it is clear that the teachers are quite comfortable with the basic
principle of the classical interpretation of probability. In single random
events, they have no problems thinking in terms of favourable outcomes
out of the total number of possible outcomes, when modelling the chance
of different events.

Second, however, to extend the application of the theoretical probabil-
ity model, our results indicate that teachers need to develop an under-
standing of structuring tools that can help them to generate a complete
set of possible outcomes when a random experiment consists of several
stepsor of several random variables.

The third pattern we note in our results is that the teachers find con-
junctions and conditional probability particularly difficult. This is of
course not at all surprising, these problem-types are known to be difficult,
not only for children but also for adults (Shaughnessy, 1992). However,
it is important to discover these difficulties, as we believe that a modern
school, aiming to educate for a modern society, needs teachers who can
think beyond simple random events and who can distinguish between
dependent and independent random situations and the combination of
events.
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Fourth, we distinguish in the teachers’ profile that they display a higher
level of CCK than of SCK. There are many times when the teachers
are able to solve probability tasks and implicitly use concepts and prin-
ciples relevant to probability theory. However, they have major difficul-
ties in explaining what they are doing, using the technical terms (c.f.
Mason, 1998; Ryve et al., 2013) of probability, and discerning and express-
ing the content of a probability task. Against this background, it is worth
reflecting on how good Swedish teachers are at interpreting the prob-
ability curriculum and evaluating the content of different tasks when
planning instruction (cf. Contreras et al., 2011). We would point out that
the survey gives a limited picture of the teachers’ complete knowledge
base. Above all, the survey provides limited insight into the teachers’
ability to gain insight into and update their understanding of a new
mathematical domain.

The present survey was biased towards sample space reasoning. Basi-
cally, only question 9' and question 13 challenged the participants to
reflect on random variation and the experimental interpretation of prob-
ability. However, as the fifth pattern, we note that the teachers find these
two questions rather problematic, in relation to both their CCK and
their SCK. That the teachers find these questions harder confirms the
view that the theoretical interpretation of probability is given priority in
school and that this priority follows from the theoretical interpretation
being in line with a deterministic mind-set (Stohl, 2005) and reversible
logic (Batanero & Diaz, 2012). When it comes to experiments, students
and teachers are concretely exposed to random variation and situations
that are irreversible. Therefore, based on the result of the present study,
we encourage future research to investigate in more detail the profile
of teachers’ knowledge base in relation to the experimental interpre-
tation of probability. Such an investigation would also be in tune with
the increased emphasis on experimental probability (Shaughnessy, 2003)
and the connection between theoretical and experimental probability
(Nilsson, 2009) in probability education.

Finally, we recall that the teachers in the current study are mathemat-
ics developers in the Swedish school system, and that the rate of response
was only 18 %. This means that the knowledge profile expressed by the
teachers in the current study is probably located at the top of the popu-
lation of teachers. Nevertheless, even if the level is slightly higher than
in general, we have no reason to suspect that the five identified patterns
are not representative of Swedish teachers’ knowledge profile of prob-
ability, though more research is needed to support or confirm this claim.
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Appendix: The probability estimations tasks and the conceptual

questions of the survey.

9

10'

70

The graph below describes the proportion of Heads when the number of coin-flips are
varying from 0-5000. Specify the mathematics you need to explain the graph to a group
of students in grade five.
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There are three cards in a box. One card is green on both sides, one cards is blue on both
sides and one card is green on one side and blue on the other side. You pick one card an
look on only one of the sides. You see that the side is blue. What colour is it most likely
thatitis on the card’s other side?

[1 Itis most likely that the side is blue.
[1 Itis most likely that the side is green.
[1 The chance is equal for both colours.

Describe the mathematical content of the task.

A box contains three red marbles and four black marbles. You pick a marble at random
from the box and see that it is black. Without replacing the marble you pick one more
marble.

a) What is the probability that the marble is black?
b) What is the probability that the marble is red?

Describe the mathematical content of the task.

A survey of a random sample of boys and girls in a school gave the results:

Boys Girls Total
Liking tennis 400 200 600
Disliking tennis 50 50 100
Total 450 250 700

a) What is the probability that the student likes tennis?
b) What is the probability that the student is a girl and likes tennis?
c) The student selected is a girl. What is the probability that she does like tennis?

Describe the mathematical content of the task.
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19'
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You toss a fair coin. Which of the following alternative do you think is most likely?

[1 To obtain Tail 7 times within the 10 first throws.
[1 To obtain Tail 70 times within the 100 first throws.
[1 Both of the alternatives are equally likely.

Describe the mathematical content of the task.

You throw two regular dice.

a) Which total/totals are most likely?
b) Which total/totals are least likely?

Describe the mathematical content of the task.

Which of the following statements do you think is most likely?

[1 Thatawomanis a teacher.
[1 That ateacheris a woman.
[1 Both of the alternatives are equally likely.

Explain your solution.
Box A and box B are filled with red and blue marbles and then shaken. You want a blue
ball, but only allowed to draw one ball without looking. Which box should you choose?

[1 Box A, with 6 red and 4 blue marbles.
[1 Box B, with 60 red and 40 blue marbles.
[1 ltdoes not matter.

Explain your solution.

Kalle and Lisa draw one card each with values 1, 2, 3, 4 from an urn. Kalle wins if the
sum of the two cards is even and Lisa wins if the sum is odd. Which of the following
statements do you think is correct?

[1 Kalle has the greatest chance to win.
[1 Lisa has the greatest chance to win.
[1 Both have an equal chance to win.

Explain your solution.

During one day everyone who takes the car to work are recorded. What is most likely?

[1 Thataman has an accident.
[1 Thata man who is younger then 21years old has an accident.

Explain your solution.

You are rolling two fair six-sided dice.

a) What is the probability that the die that displays the lowest value displays one?
b) What is the probability that the die that displays the lowest value displays six?

Explain your solution.
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