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Figure 1. A metamorphosis of a map of Sweden
moving toward a square.
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Squaring Sweden

Robert Reys, Jennifer Bay, Ann Bledsole & Dee Cook

Har publicerar vi en artikel frAn matematikvanner i USA. Ar det inte in-
tressant att man i det stora landet i vaster intresserar sig for skala och
relationer mellan nordiska landers areal? Kanske kan texten anvandas
for samverkan engelska — matematik?

Mathematical Explorations

Exploring the relative size of thingsin the
real world helps devel op number sense and
encourages connections between visuaiza-
tionsand numerical benchmarks, which are
particularly useful. For example, we often
use our own height to estimate the height of
another person, aceiling or atree. Likewi-
sewe may use an important date (birth of a
child, wedding anniversary, special holiday
or historical event) to recall on the time of
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University of Missouri. Ann Bledsole i Har-
risburg High School och Dee Cook i Hick-
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another event. Such benchmarks develop
from avariety of experiences and continue
to grow and expand to incorporate additio-
nal personal experiences.

The size of one's country can be used as
a benchmark. While every Swede knows
that the country of Sweden is bigger than
Denmark, the magnitude of the sizes may
be less well known. A map of the Nordic
countries can be helpful in providing gross
visual comparisons, Figure 2.

However, maps can be deceptive and
sometimes difficult to interpret, since the
area of a country map represents an irre-
gular shaped land mass. L et’ sexplore some
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Figure 2. Map of the Nordic countries.

ways we might use the size of countriesto
promote the power of benchmarks, further
develop number sense and establish some
connections to geometry.

What techniques can we use? One ap-
proach might be to transform the area of
Sweden into a more commonly recognized
geometric figure. Since this transformation
must leave the area invarient, several diffe-
rent transformationsare useful. Theopening
sequence of tesselations (Figure 1) illustra-
teshow amap of Sweden might betransfor-
med into asgquare with the same area. There
are a number of resources detailing techni-
ques of congtructing different geometric fi-
gureswhich perservetheareaand will tesse-
late (Bezuszka, Kenney & Silvey, 1977). A
software package Tessemania (Kline, 1993)
can be used to begin with asquare and crea-
te different figures with the same area, each
of which can tesselate. Figure 1 showsase-
guence of figures which was actually gene-
rated by using Tessemania. We started with
asguare, which was then modified to create
different figureswith constant area. Figure 1
resulted from reversing the sequence of fi-
guresto show the evolutionary stages. Even
thoughthefina figureisnot ” exactly” amap
of Sweden, it provides a rough approxima-
tion. More importantly it reminds students
that geometric figuresmay look different but
have the same area.
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Table 1

Land areas of Nordic countries
Denmark 43 069 km?
Finland 337 032 km?
Iceland 103 000 km?
Norway 324 219 km?
Sweden 449 964 km?

Another approach would beto usethe data
of land masses as shown in Table 1. An
examination of this table, confirms that
Sweden hasthelargest land area. What are
some other patterns/relationships that are
suggested?

Here are several that come to mind:

Sweden is about ten times the size of
Denmark. Finland and Norway are about
the same size. Sveden is a bit larger than
Norway and I celand combined.

Encouraging students to create other
comparisonsisanatural way to extend and
promote mathematical thinking.

Now let’s take the information from
Table 1 and use it to construct a different
visual representation of each Nordic coun-
try than is traditionally shown. Although
we could generate a sequence of figures
leading to asquarefor each of the countries
(aswasdonefor Sweden), let’ suseamore
direct method to construct a square to re-
present each country. This exercise prov-
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ides several worthwhile mathematical ex-

plorations Fr4, it providesan authenticopportunity toexamine
what asquare root means. Secondly, it provides some
direct connections between arithmetic, geometry and
number sense.

By definition, the squareroot of anumber isavalue
that when multiplied timesitself produces the number
(Tate, 1994). Thereal world connection between aside
of asguareand itsareaiseasier to grasp and ” squaring
acountry” providesthiscontext. Suppose Sweden were
in the shape of a square. What would be the length of
one side of the country? Constructing a square for
Sweden requires a thoughtful decision on what scale
to use. The appropriate scale to use depends on how
much space is available for drawing the square. For
example, thisjournal pageissmall and would require
adifferent scalethan if the square was being made for
a classroom bulletin board or to display on afloor or
wall where more spaceis available.

Oncethe scaleisselected, weareready to investig-
ate the dimensions of our square of Sweden and de-
termine some approximate measurements. If the
length of the side were 600 km, the square would be
360000 km? which istoo small for the area reported
inTable 1, whereasif thelength is 700 km, the square
would be 490000 km? and that would be a bit too
much. Now either continued trial and error or the squ-
are root function on a calculator can be used to find
that the square root is about 671 km. Using ascale of
1 mm to 10 km suggests that the length of the side of
the square for Sweden should be nearly 7 cm, which
fitsnicely onthispage. A square of Sweden isshown
in Figure 3.

Now, suppose we want to show the land areas of
the other Nordic countries as squares. Having Sweden
asabenchmark, we can be confident that the length of
the square for the other countries is smaller, and that
thelength of the sidefor the Danish squareisthe small-
est. The construction of these squares could be facili-
tated by avariety of tools. For example, grid paper as
well asacaculator and aruler could beused. If com-
puters are available, the Geometer’ s Sketchpad could
be used. Although thistechnology is powerful and ex-
citing, it also requires careful use to insure that the
desired products (in this case squares of appropriate
Sizes) result.

If you havethe Geometer’ s Sketchpad available, here
areafew practical suggestionsto get your students star-
ted. The construction of a square requires more than
smply plotting four points and connecting the dots.
Some necessary skills are knowing how to construct a
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side length = 6.70 cm

Sweden

Figure 3. A sguare of Sveden

segment, perpendicular line and
circleswithagiven center andra-
dius. The arcs of the circles are
used to construct equal length seg-
ments. Once a square has been
congtructed, measurethelength of
the sde and then drag one of the
verticesto createasquarewiththe
appropriate sde length. Students
can then measure the area of the
figure and observe the relations-
hip between thelength of theside
and the area of the corresponding
square. As the vertex is dragged,
the changes in the length of aside
and corresponding areaaredisplay-
edindynamicfashiononthescreen.
As mentioned earlier, the scale of
1 mmto 10 kmworkswdll for the
Geometer’s Sketchpad, (se &ven
http://forum.swarthmore.edu/sketchpad/
sketchpad.html).

Oncethesguarerootshavebeen
found, then the squares for the
Nordic countries can be congtruct-
ed as shown in Fgure 4. Another
view results from superimposing
them on each other asin Figure 5.
Noticeineither case, somediffer-
encesaredramatically illustrated,
wheress the visuals for Finland
and Norway are very difficult to
distinguish.

Hopefully thisexploration helps
further establish apersona bench-
mark, namely the size of Sweden,
aswdl| asconnecting number sen-
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s, and an gpplication of square
root to geometry. Further oppor-
tunities for extending these ide- side length 5.68 cm
asarelimitless. How many Swe-
dens are “equal” to Germany?
China? Atlantic Ocean? the
earth’ s surface?

What if instead of represen-
ting the areas of the countriesby
squares, you chose to represent
them by other figures, such as

side length 6.70 cm

circles or equilateral triangles? Sweden Norway
Could they be represented by
rectangles with a common side length 5.82 cm

length of one side? Once 2-di-
mensions seem too easy, how
about ” Cubing the Baltic Sea.” _
(i.e., What would bethe dimen- side length 3,24 em
sions of acube large enough to side length 2.08 cm
hold the water of the Baltic
Sea?) Using dotty paper or cu-
bes or both, students can explo-
re the relationships of sides to
volume (cube and cube root),
and create other visual repres-
entations.

One of the powers of mathe-
matics is that solving one pro-
blem stimulatesgeneraizations
and thinking that lead to more

Finland Iceland Denmark

Figure4. A view of the squares of Scandinavian countries.

interesting and challenging Sweden
activities. Wehopethat “ Squar- Finland
ing Sweden” isastimulusto let inan
this power soar.

Norway
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